
170 INZHENERNO- FIZICHESKII ZHURNAL 
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An examinat ion is made of turbulent flow in the main section in an 
infinite system of plane nonisothermal jets. The results of calculation 
are compared with experimental  data. 

We shal l  examine  the flow formed in the bas ic  s ec -  
tion of the mix ing  zone of an infini te  sys t em of plane 
n o n i s o t h e r m a l  jets ,  d i scharg ing  f rom nozz les  of width 
~/2 each. The je t  exits we shal l  a s s u m e  to be such 
(Fig.  1) that per iodic  flow occurs  with per iod X. In 
this case the s t r e a m l i n e s  pa s s ing  through the middle  
of the nozzles  will be s t ra igh t  l ines  pa r a l l e l  to the axis 
ox, and the re fo re  it  will  be suff ic ient  to examine  the 
flow between any two s t r e a m l i n e s  separa ted  by a d i s -  
tance ~, for example  between l ines ac  and bd. 

The analogous p rob lem for the i s o t h e r m a l  case  was 
examined in [1]. 

We shal l  a s s u m e  that  cpT >> u}/2, p r  T = 1 and Cp = 
= coast,  and then the bas ic  equat ions desc r ib ing  t u r -  
bulent  mot ion  in the mix ing  zone wil l  take the fo rm 

au au Op o ( au ], pu- Z+pv =-W+ 

a(pu) + o(ov) _-0, (1) 
ax og 

o or+o or o ( or), 
Ox ov ov p~ -oj /  

p -- p ry .  (v) 

We shal l  wr i te  the boundary  condit ions in the form 

au _ aT = v = 0  f o r y = 0 ,  • ~--~-; (2) 
ov av 2 

u=u(y ) ,  T = T ( y ) ,  P = P i  f o r x = x i .  (2') 

T r a n s f o r m i n g  the f i r s t  and th i rd  equat ions of s y s -  
t em (1) with the help of the cont inui ty  equation, and 
in teg ra t ing  them with r e s p e c t  to y in the r ange  l -X/2 ,  
X/2], sub jec t  to condi t ions  (2), we obtain the following 
i n t eg ra l  condi t ions  for conse rva t ion  of m o m e n t u m  and 
heat: 

X/2 

S (p + p u s) dy = Io = const, (3) 
--x/2 

,f p uTdy = Ho = consf. 
--X/2 

(4) 

�9 I n t e g r a t i n g t h e  cont inui ty  equat ion over  the same  l imi t s ,  
we find an i n t eg ra l  condit ion for conse rva t ion  of mass :  

S p udy ~ Mo ---- const. (5) 

At inf ini ty  (for x - -  ~) ,  because  the mixing is com-  
plete, the s t r e a m  will  be uni form,  i .  e . ,  i t  will  move 
with cons tant  veloci ty  u ~ ,  t e m p e r a t u r e  T~,  p r e s s u r e  
pop, and dens i ty  p,o �9 

For  the tu rbu len t  v i scos i ty  e we shal l  make use  of 
the P r a nd t l  hypothesis,  according to which 

: K ~ (Umax - -  Umln) = K ~, [u (0) - -  u (~/2)].  (6) 

Following subs t i tu t ion  of (6) into (1), and going over to 
d i me ns i on l e s s  va r i ab le s  according to the fo rmulas  x = 
=x 'X,  y =  y'X, u=uTuco,  v = v ' u ~ o ,  T = T ' T ~ ,  p =  
= p'p.ou 2 ,  and p = p 'p~ ,  sy s t em (1) may r ewr i t t en  in 
the form (for convenience  the p r i m e s  in the d i m e n s i o n -  
less  va r i a b l e s  a re  omitted) 

Ou Ou Op pu 
---Ox + p Oy ax 

1 0 Ou" 

a(ou) + o(ov! = o, 
ax Og 

p =bopT, (7) 

where  

b o = RTJu~.  

The d i m e n s i o n l e s s  boundary  condit ions coincide in form 
with (2) and (2') .  

We shal l  seek expres s ions  for u, T, and p in the 
fo rm of the expansions  

u = I + a~ (y_) + a, (g) + aa &) + . . .  
X X 2 X 3 ' 

_~v_ c.~(v) + , 
T = I +  q (Y---~)x + c ) + _ ~  . . .  

p = bo + bl + b~ b 3 
- 2 -  . . . .  

(s) 

El imina t ing  v by me a ns  of the cont inui ty  equation, 
t r a n s f o r m e d  to the fo rm 

y 

v = - - - -  -d2x (ou)dv, (9) 
P 

o 

and the dens i ty  p by me a ns  of the equation of state,  
f rom the f i r s t  and th i rd  equat ions of sy s t e ms  (7), sub-  
s t i tu t ing  the expansion (8) into these  equat ions and 
equat ing coeff ic ients  of the s a m e  powers  of x on the 
left and r igh t  s ides ,  we obtain the following s y s t e m  of 
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equations to de te rmine  the coeff icients  a i and c i of the 
expansion 

a]" + a'/K ~I = - -  bi/K 61, 

a; 27 2a2/t(, ~1 = al  c; - -  a; 'c ,  - -  [bl/b o -a 7 6 2 / ~ 1 ]  a ; '  - -  2 a l C l / g  ~1 - -  

fl 

- -  A1 ajKbo 61+ a I ~A1 dy/Kbo 61 - -  (2clb~ + 262)/K &, 

a~ + 3aJK 61 = c 1 6 + al c~ + [bjbo + 62/61] afcs - -  

- -  a'; c= - -  a ;  c l  - -  [b,/bo + 6s/611 [a~ cl  -Jr- a;l  - -  

_ [  6a _~ bl 6s 4- b2 ] 4ascl + 2alc~ + atc2 

L,h ~0 ~1 " b 7  a l - _  ,<~1 
Y 

0 

g 

+ [2a I q + a~l S A1 dy/Kbo 6~ -- 
0 

- -  (3ba + 4b2Q + 2blc~ + blc~)/K fit; 
, , . . . . .  , . . . . . .  . . . . , , . . . 

. . . . . . . . . . . . . . . . . . . . . . .  (10) 

c~ + cl/K 61 = O, 

c'~ + 2c jK  61 = c, - -  clc ~ - -  -~o ~i J 
Y 

--(2bo c2 + c lA1--c ;  lAldY)/Kbo61,  
0 

, z ,, 
ca + 3cJK 61 = 2c~ c" 2 + [bilb o + 6J611 c I - -  ClC 2 --C2C l - -  

- - V + - U  k 81 bo 'h To 
- -  ( 6qc 2 + c~ + A1 [2c~ + 2csl + c 1A2)/K bo ~1 + 

Y Y 

0 0 

. . . . . . . . . . . . . . . . . . . . . . . . .  (11) 

where  we have in t roduced the notation 

6~=ai (O)- -a i (1 /2  ) ( i = l ,  2, 3), 

AI = bl - -  bocl + boa; 

A2 = b~ - -  boc., - -  cib i + bocZi + alb I ~ boaiQ + boa 6 

Aa = b a - -  boca - -  c2b 1 + 2boqcz - -  qb~ + c~ b I - -  boc~ + 

+ alb2 - -  atboc s - -  alclb 1 + alboc~ + a~bl - -  a2boq + aabo. 

The boundary  condit ions for  the s y s t e m  obtained a r e  

Oaz ---- Oc--A=O for  ~ /=0 ,  +_--1. (12) 
Oy Oy 2 

Substi tution of the exoansion (9) into the in tegra l  
condit ions (3)- (5), wri t ten for  d imens ion les s  var iab les ,  
and equat ing the coeff ic ients  fo r  the s a m e  powers  of x 
on the left and r igh t  s ides  leads to the re la t ions  

Io = o~ u~ ;v (bo + 1), 
1/2 

; (albo + A1 + bob1) dy = O, 
-1 /2  

1/2 
S (a2bo + al A1 + As + bobs) dY =0,  

- -1 /2  

J/2 

S (aabo + bs A1 27 ai As + Aa + boba) dg = 0 
-112 

Ho = P~ u~ T~o ~, 
I/2 

(boQ + A1) dy = 0, 
--I/2 

I/2 

(bocs + q Al + A2) dy = O, 
~1/2 

1/2 

(boca + c~A1 + clAs + A3) dY =0  
- -1/2  

M0 = p~ u~ ~, 
1/2 

f A1 dv = 0, 
--1'12 

1/2 

~ A2 dy = 0 
--1/2 

1/2 
~ A3 dv = 0 

- -1/2  

(i3) 

(14) 

....... (i5) 

Then s y s t e m  (10) and (11) together  with condit ions 
(13) r ep re sen t s  a c losed sy s t em of o rd ina ry  l inear  
different ial  equations, which may be in tegra ted  suc-  
cess ive ly .  

The genera l  solution of the f i r s t  equation of s y s t e m  
(10) has the f o r m  

al = A1 cos V 1/K 61 g + B1 sin T/1/K 6 t g - -  b 1. (16) 

Because  of conditions (12), we mus t  put B 1 = 0, 

V 1/K 61 =- 2m (17) 

The solution of (16) may be rewr i t t en  in the fo rm 

al = A1 cos (2a V) --/)I. (18) 

The solution of the f i r s t  equation of sy s t em (11), 
sa t is fying condition (12), is 

q = Ai cos (2a Y) = q (0) cos (2n y). (19) 

Satisfying the second condition of sy s t em (13), we ob- 
tain b 1 = 0. F r o m  equality (i8), using (17), we find 

A1 = al(0) =- -a1(1 /2 )  = I/Sax2K. (20) 

The constant  of in tegrat ion el(0) is as yet  undefined. 
In a s imi l a r  way we may in tegra te  the remain ing  

equations and find that  

{ _ [05 1 i cos (2a y) + kbo-~ + C cos (2a v) + u = 1 + 8 ~  x 

+ 0.Sq(0)cos(4a* g ) ] / x  2 + 

~ Cll I311+boq(O)]2(l__bo ) 

_}_ cx (--O~4 2 _~_ c2 > cos (2~ y)I /  xZ _}_ ICl (O) C cos (4~ y) + 

+ 0.25 c 1 (0) 3 cos (6~ Y)l/xa + . �9 . l, (2 1) 
/ 
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Fig. i. Flow model. 
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Fig~ 2. The distribution of velocity (points l--experi- 

ment, solid line is calculation} and o[ temperature 

(points 2--experiment, dashed line is calculation) in 

the cross sections l--x/k = 6.55, II--9.62, III--12.7, 

IV--15.76 [or u I = 54.6 m/sec, u 2 = 49.4 m/sec, T I = 

= 400 ~ K, T 2 = 304 ~ K (a), and in the cross sections 

I--x/k =6.075, II--8.93, III--II.78 for u I = 60.8 m/sec, 

u 2 =46.2 m/sec, T I= 396 ~ K, T 2 = 310 ~ K(b). 
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F i g .  3. D i s t r i b u t i o n  of v e l o c i t y  in  t he  c r o s s  s e c t i o n s  
I - -x /? t  = 3.46, I I - - 6 . 5 5 ,  I H - - 9 . 6 2 ,  IV- -15 .76  f o r  u~ = 

= 29,2 m / s e e ,  u 2 = 48.75 m / s e e ;  1) e x p e r i m e n t ;  
2) t h e o r y .  

1 
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T = I  f f -q(0)  x 

{ cos(2~ y) - - 0 . 5 1 1 - t - C c o s ( 2 r ~ y ) - t - O . 5 q ( O ) c o s ( 4 ~ g  ) -f- 
x + 

X X 2 

]/ + 4 -  4- > cos(2~g) x 3-t- 

_~ c 1 (0) C cos (4~ g) + 0.25 q (0) 2 cos (6~ g) + . . . t (22) 
X 3 J 

p = bo-~ 1 6 a ~ K ~ -  - bo) x2 1 4:- --x q- . . . .  (23) 

H e r e  l 1 = al(0) - c1(0) = 1/8~2K - el(0);  c1(0) and C a r e  
c o n s t a n t s  of i n t e g r a t i o n  wh ich  a r e  d e t e r m i n e d  by c o n -  

d i t i ons  (2 ' ) .  

I t  m a y  be  s e e n  f r o m  f o r m u l a s  (21) - (23)  tha t  t he  
p r o f i l e s  of v e l o c i t y  and of t e m p e r a t u r e ,  a s  w e l l  a s  the  

v a r i a t i o n  of p r e s s u r e  a long  the  a x i s  ox,  d e p e n d  on the  
i n i t i a l  d i s t r i b u t i o n s  of  v e l o c i t y  and t e m p e r a t u r e ,  and 

on the  i n i t i a l  v a l u e  of p r e s s u r e .  
T h e  v a l u e s  of the  s t r e a m  p a r a m e t e r s  a t  i n f in i ty  a r e  

d e t e r m i n e d  by s i m u l t a n e o u s  s o l u t i o n  of the  e q u a t i o n s  

I o - - p = u ~ ) ~ ( b  0 +  1), 

H0 = p~ u~ T~ ~., 

M,~ = p~ u~ ~,, 

b o = R T ~ / u ~ ,  (24) 

w h e r e  u~o, T~o, p~ and b0 a r e  unknowns .  
In  o r d e r  to c h e c k  the  s o l u t i o n  ob t a ined  we  p e r f o r m e d  

c a l c u l a t i o n s  of t he  p r o f i l e s  of  v e l o c i t y  and t e m p e r a t u r e  
in t he  m a i n  p a r t  of a s y s t e m  of p l ane  i s o t h e r m a l  and 
n o n i s o t h e r m a l  j e t s .  T h e  v a l u e s  of p r o f i l e s  of v e l o c i t y ,  
t e m p e r a t u r e ,  and p r e s s u r e  in t he  i n i t i a l  s e c t i o n ,  and 
a l s o  t h e  a b s c i s s a  of t he  i n i t i a l  s e c t i o n  w e r e  t a k e n  f r o m  

e x p e r i m e n t s  c o n d u c t e d  in an e x p e r i m e n t a l  i n s t a l l a t i o n  
in t he  h y d r o d y n a m i c s  l a b o r a t o r y  of t he  L P I .  T h e  c o n -  
s t a n t s  c1(0) and C w e r e  d e t e r m i n e d  f r o m  the  c o n d i t i o n  
of b e s t  a g r e e m e n t  b e t w e e n  the  a n a l y t i c a l  and the  e x -  
p e r i m e n t a l  p r o f i l e s  of v e l o c i t y  and t e m p e r a t u r e  at  the  
i n i t i a l  s e c t i o n  of t h e  m a i n  pa r t ,  h a v i n g  s u b s t i t u t e d  into  
(21) and (22) v a l u e s  of a b s c i s s a  x equa l  to the  v a l u e s  

at  t he  i n i t i a l  s e c t i o n  x i .  
W e  n o t e  tha t  t he  c a l c u l a t i o n s  w e r e  p e r f o r m e d  wi th  

t he  f i r s t  t h r e e  t e r m s  of t he  e x p a n s i o n  of u and T in 

n e g a t i v e  p o w e r s  of x t aken  in to  account ,  wh i l e  the  n u m -  

b e r  of c o n s t a n t s  in (21), (22),  s u b j e c t  to d e t e r m i n a t i o n ,  

d e p e n d s  on the  n u m b e r  of t e r m s  of the  s e r i e s  in (8) 

t aken  into  a c c o u n t .  
In  the  c a s e  shown in F i g .  2, a, the  d i m e n s i o n l e s s  

a b s c i s s a  of the  i n i t i a l  s e c t i o n  is  equa l  to xi/X = 6.55.  
T h e  cond i t i ons  at  the  e n t r a n c e  we re :  uz/u 1 = 0.9; T~ = 
= 4 0 0  ~ K, T 2 = 3 0 4  ~ K, u ~ = 4 0 . 8  m / s e e ,  T ~ = 3 5 0  ~ K. 
F o r  el(0) and C the  fo l lowing  v a l u e s  w e r e  found: 

c, (0) = 0.4; C --- - -  3.8. 

T h e  r e s u l t s  of c a l c u l a t i o n  fo r  o the r  i n i t i a l  da t a  

(xi/X = 6.075, u ~  = 41.4 m / s e e ,  %o = 3560 K; u,2/u 1 = 
= 0.76, T 1= 396 ~ K, T 2 = 310 ~ K) a r e  shown in F i g .  2, 
b. In  th i s  e a s e  i t  t u r n e d  out  tha t  

c1(0)=0.217;  C = - 0 . 3 5 9 .  

F i g u r e  3 shows  the  d e v e l o p m e n t  of the  v e l o c i t y  p r o -  
f i l e  in i s o t h e r m a I  c o n d i t i o n s  wi th  in i t i a l  da t a  xi/X = 

= 3.46, u ~  = 30.5 m / s e e .  T h e  c o n s t a n t  of i n t e g r a t i o n  

C t u r n e d  out to  be  0 .585.  

A v a l u e  K = 0 . 0 1 6  fo r  the  e m p i r i c a l  t u r b u l e n c e  c o n -  
s t an t  was  a s s u m e d  in a l l  c a s e s .  

In  the  c a s e s  e x a m i n e d  the  v a r i a t i o n  in p r e s s u r e ,  
bo th  in e x p e r i m e n t  and in the  c a l c u l a t i o n s ,  p r o v e d  to 
be  n e g l i g i b l y  s m a l l .  

T h e  r e s u l t s  of c o m p a r i s o n  of the  c a l c u l a t e d  c u r v e s  

wi th  e x p e r i m e n t  p e r m i t  us to c o n c l u d e  tha t  t h e r e  i s  
s a t i s f a c t o r y  a g r e e m e n t  b e t w e e n  the  c a l c u l a t e d  and the  
e x p e r i m e n t a l  da ta .  

N O T A T I O N  

x, and y a r e  the  c o o r d i n a t e  a x e s ;  u and v a r e  the  
v e l o c i t y  c o m p o n e n t s  a long  the  x and y axes ,  r e s p e c t i v e l y ;  
p is  d e n s i t y ;  Cp is  s p e c i f i c  hea t  at  c o n s t a n t  p r e s s u r e ;  T 

is  a b s o l u t e  t e m p e r a t u r e  ; p is p r e s s u r e ;  P r  T and a a r e ,  
r e s p e c t i v e l y ,  the  t u r b u l e n t  a n a l o g s  of P r a n d t l  n u m b e r  
and k i n e m a t i c  v i s c o s i t y ;  1~ is  the  g a s  c o n s t a n t ;  xi  is 
the  a b s c i s s a  of the  i n i t i a l  c r o s s  s e c t i o n  of the  m a i n  
s e c t i o n ;  K is  the  e m p i r i c a l  t u r b u l e n c e  cons t an t ,  d e t e r -  

m i n e d  f r o m  e x p e r i m e n t .  
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